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ELASTIC MINIMUM-WEIGHT DESIGN FOR SPECIFIED
FUNDAMENTAL FREQUENCY*

c. Y. SHEU

Department of the Aerospace and Mechanical Engineering Sciences,
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Abstract-A one-dimensional structure with segmentwise constant specific stiffness is to have a prescribed funda­
mental frequency. The number of segments of constant specific stiffness is given, but their boundaries and specific
stiffnesses are to be determined to minimize the structural weight. A sufficient condition for optimality is estab­
lished and its use is illustrated by an example.

1. THEORY

THE problem of minimum mass design with specified natural frequencies has been investi­
gated by Turner [1]. In his analysis, the continuous structure was replaced by a system with
a finite number of degrees of freedom, and the problem was formulated as a Lagrange
problem in variational calculus with the free vibration equations as side conditions.
Taylor [2] discussed the same problem using an energy approach. In the present paper,
the following more realistic problem is considered: a one-dimensionalt elastic structure
(rod, beam, frame) with segmentwise constant specifict stiffness is to carry given point
masses at specified locations in addition to its own mass and to have a prescribed funda­
mental frequency OJ. The number n of segments of constant specific stiffness is prescribed,
but their boundaries and specific stiffnesses are at the choice of the designer who wishes
to minimize the structural weight.

The location of a cross section of the one-dimensional structure will be specified by
its distance x (measured along the structure) from a fixed reference section. If it is desirable
to indicate that a cross section is in the ith segment of constant stiffness, its location will
be referred to as Xi rather than x. The location of the point mass M a will be denoted by
x:, (rx = 1, 2, ... , v). The specific mass of the structure will be assumed to be a linear func­
tion of the specific stiffness; in particular, the specific mass of the ith segment will be written
as at +btsj, where Sj is the specific stiffness of the ith segment and ai and bi are given con­
stants.

The assumption of a linear relation between specific mass and stiffness does impose
some limitations on the type of the structural members. However, from the point of view
that every continuous function can be well approximated by successive linear functions,
the limitation is not too severe, and the assumption will simplify the solution ofthe problem.

In practical design, the constants ai, bi for an element are known only after the approx­
imate value of the stiffness ofthe segment is known. In this case, some approximate values
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t For brevity, the theory is developed for one-dimensional structures, but its extension to two-dimensional
structures (disks. plates, shells) presents no difficulties.

t Throughout this paper, the term "specific" will be used to indicate "per unit length."
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of aj and bj, for example an average value for the sections available for the design, can be
used in a first solution of the problem which furnishes first values of the stiffnesses on the
basis of which better values may be chosen for the aj and bj. This kind of iteration can be
continued, if necessary.

As a first step toward the solution of the problem, assume that the boundaries of the
segments of constant stiffness are given so that only the stiffness values Sj remain to be
determined. An ordered set of n stiffness values then specifies a design. Let Sj and Sj,
(i = 1,2, ... , n) be two designs with the same fundamental frequency w, and denote their
fundamental modes by u(x) and u(x). From the fact that the square of the fundamental
frequency can be written as a Rayleigh quotient, there follows the relation

I Sj f e[u(x;)] dXi
2 j

W = I (af +bfSj) f u2(Xj) dXj + I Mau2(x:)
j a

I Sj f e[u(Xj)] dXj
j

I (af + bfSj) f U2(Xi) dXj + I Mau2(x:)'
i a

(1)

where sje[u(xj)] is twice the specific strain energy associated with the displacement u(x;).
For example, ifthe ith segment ofa rod has the cross section Ai, then sje[uj(xj)] = EAj[u'(xjW,
for the axial vibration, where E is Young's modulus and the prime denotes differentiation
with respect to Xj. The integrals in (1) are extended over the segment Xi.

Since the displacement field u(x) is kinematically admissible for the design Si'

(i = 1,2, ... , n), it follows from Rayleigh's principle that

I Sj f e[u(Xj)] dXj
2 j

W = I (af +bfSj) f u2(Xj) dXj + I Mau2(x:)
a

(2)
I Sj f e[u(Xj)] dXj
i

~ '\' 2 2- f 2 '\' 2 *.L.. (aj + bj Si) u (X;) dXj + L.. M aU (Xa)

The equality involving the first and second members in (1) and the inequality involving
the first and third members in (2) furnish the relations

~ Sjf {e[u(xj)] - brw2u2(xj)} dXj = w2{~ af f u2(x;) dXj + ~ Mau2(x:)}, (3)

I Sj f {e[u(x;)J - brw2u2(Xj)} dXj 2 w2{ I ar fu2(Xj) dXi + I Mau2(x:)}. (4)
, ,a

(5)

Subtraction of (3) from (4) yields

~ (Sj - Sj)f {e[u(xj)] - blw2U2(X;)} dXj 2 o.

Now, the difference between the structural weights of the designs Sj and Sj is given by

(6)
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where I j is the length of the ith segment. Inspection of (5) and (6) shows that ~W will be
nonnegative if

c = +1f {e[u(xj)] - brw2u2(x;)} dXj is independent of i.
b j j

(7)

Accordingly, a design with the prescribed frequency wand a fundamental mode u(x)
satisfying (7) will not be heavier than any other design with the same fundamental frequency.

The optimality condition (7) has been shown to be sufficient. That it is also necessary
can be established in the manner used in [3] to prove the necessity of a similar optimality
condition for elastic minimum-weight design for prescribed stiffness.

As the length Ii of the typical segment tends to zero, the optimality condition (7) tends
to the condition given by Prager and Taylor [4] for structures with continuously varying
specific stiffness where bi is a constant. This condition requires the integrand in (7) divided
by br to be constant along the structure.

Theoretically, the problem can be solved in the following procedures: (a) From the
equations of motion and the boundary (or transition) conditions for all segments, solve
for the displacements Uj in terms of the fundamental frequency w, the stiffnessses 8i, and
the lengths Ii ofthe segments. (b) Determine the stiffnesses 8;, in terms of wand the lengths
Ii' from the optimality conditions (7) and the boundary (or transition) conditions involving
the point masses. (c) The total weight of the structure is minimized with respect to the
ratios ofthe lengths Ii' A simple problem is treated in the following example.

2. EXAMPLE

A vertical rod is fixed at the upper end x = 0 and carries a mass M at the lower end
x = I; it is to have the given fundamental frequency w in longitudinal vibration. Each of
the segments 0 ~ x < 11 and 11 < x ~ I = 11+12 of the rod is to have constant specific
stiffness. The stiffness values 81 and 82 are to be determined to minimize the weight of the
rod.

Since specific mass and stiffness of a prismatic rod are pA and EA, where p and E
respectively denote density and Young's modulus of the rod material, ar = 0 and
br = piE = b2. Moreover, e = [u'(xW. With the abbreviations U1 and U2 for u(x 1) and
U(X2), the optimality condition (7) becomes

1 ill 1 i''2 2 2 2 '2 2 2 2-I (U1 -b w ud dx1 = -I (U2 -b w u2) dX2'
1 0 2 '1

The equations of motion are

(8)

(9)

with the boundary conditions

(10)

and the transition conditions

(11)
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The problem (9), (10), (11) is homogeneous. In view of the first boundary condition (10)
and the transition conditions (11), the fundamental mode u(x) has the form

UI = CAl sin bwx,

Ul = c[A I cos bw/ l sin bw(x-/d+Al sin bw/l cos bw(x-/dJ, (12)

where c is an arbitrary constant with dimension (length)-I.
Equations for the cross-sectional areas A I and A l may now be obtained by substituting

(12) into the optimality condition (8) and the second boundary condition (10). With
'1 = AdAl , the optimality condition furnishes the quadratic equation

'1 1 coslbw/l sin 2bwll -2'1 sinlbwll sin 2bw/l -sinlbw/l sin 2bwll _!2 sin 2bw/l = O. (13)
II

Note that '1 is positive by definition. The domain '1 > 0 is shown in Fig. 1. Note that the
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FIG. 1. Equation (13) has precisely one positive root in open unshaded region and no positive root in
closed shaded region.

curve ABC represents the least upper bound of K of the fundamental frequency. If (13) has
a positive root '1 for the given values of K = bwl and L = Idl, the cross-sectional areas of
the optimal design are obtained from the second boundary condition (10). Doing this, one
finds

_ sin KLcos K(l-L)+~cosKL sin K(l-L) (W1MI)
Al -lJcosKLcosK(l-L)-sinKLsinK(l-L) KE

Al = IJA 1 " (14)

The weight of the optimal design for given L is proportional to the dimensionless
volume

( KEA l
V = l-(1-IJ)L}--

l wlMI (15)
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where the dependence of AI, A 2 and IJ on Land K is expressed by (14) and (13). If L is a
variable at the choice of the designer rather than being prescribed, the expression (15)
must be minimized with respect to L under the constraints (14) and (13). Over an essential
range of K, the curves marked Land IJ in Fig. 2 show the dependence of the values of L
and IJ for the optimal design on K. Similarly, the curves marked Vand R in Fig. 3 show the
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FIG. 2. Land IJ = Al/A z vs. K = bwl.
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FIG. 3. R (ratio of volumes of optimal design and rod of constant cross section) and V (dimensionless
volume of optimal design) vs. K = hwl.

(16)

variations of the dimensionless volume V of the optimal design and the ratio R of this
volume to the volume of the prismatic rod with the same fundamental frequency:

R = Alii +A2(l-ld
(w2MI2 /EK) tan K"
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Note that R = 0 for K = n12, which is the maximum of K for a rod of constant stiffness.
The fact that R is close to 1 for K < 0·5 implies that, for low frequencies, the optimal
design is nearly prismatic.
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A6cTpaKT~OilHoMepHali KOHCTpyKUHlI, CnOCTOllHHOH CneQH!\JH'IeCKOH lKeCTKOCTblO OTileJIbHbIX cerMeHTOB,
06JIailaeT 3ailaHHoH OCHOBHOH '1aCToToH. t.IHCJIO cerMeHTOB ilJIli nOCTOllHHOH CneI.\H!\JH'IeCKOH lKeCKOCTH
3ailaHO, HO HX rpaHHl.\bI H CneI.\H!\JH'IeCKHe lKeCTKOCTH CJIeilyeT onpeileJIHTb nyTeM MHHHMaJIH3al.\HH seca
KOHCTPYKI.\HH. YCTaHaBJIHBaeTCli ilOCTaTO'fHOe 'fCJIOBHe OnTHMaJIbHOCTH. Ee HCnOJIb30BaHHe HJIJIIOCTpH­
pyeTcli npHMepoM.


